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Abstract 



OIn this paper, we define lower dimensional volumes of spin manifolds with 
boundary. We compute the lower dimensional volume Vol*- 2 ' 2 ^ for 5-dimensional 
l—\ • and 6-dimensional spin manifolds with boundary and we also get the Kastler- 

! Kalau-Walze type theorem in this case. 
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1 Introduction 



> 

o 

m 

I The noncommutative residue found in [Gu] and [Wo] plays a prominent role in non- 

commutative geometry. In [CI], Connes used the noncommutative residue to derive 
ON . a conformal 4-dimensional Polyakov action analogy. In [C2], Connes proved that the 

noncommutative residue on a compact manifold M coincided with the Dixmier's trace 
on pseudodifferential operators of order — dimM. Several years ago, Connes made a 
challenging observation that the noncommutative residue of the square of the inverse 
of the Dirac operator was proportional to the Einstein-Hilbert action, which we call 
the Kastler-Kalau-Walze theorem. In [K], Kastler gave a brute-force proof of this 
theorem. In [KW], Kalau and Walze proved this theorem in the normal coordinates 
system simultaneously. In [A] , Ackermann gave a note on a new proof of this theorem 
by means of the heat kernel expansion. 

On the other hand, Fedosov et al defined a noncommutative residue on Boutet 
de Monvel's algebra and proved that it was a unique continuous trace in [FGLS]. In 
[Wal] and [Wa2], we generalized some results in [CI] and [U] to the case of manifolds 
with boundary . In [Wa3], We proved a Kastler-Kalau-Walze type theorem for the 
Dirac operator and the signature operator for 3, 4-dimensional manifolds with bound- 
ary. Recently, Ponge defined lower dimensional volumes of Riemannian manifolds by 
the Wodzicki residue in [Po]. The motivation of this paper is to find a Kastler-Kalau- 
Walze type theorem for higher dimensional manifolds with boundary and generalize 
the definition of lower dimensional volumes to manifolds with boundary. 
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This paper is organized as follows: In Section 2, we define lower dimensional 
volumes of spin manifolds with boundary. In Section 3, for 6-dimensional spin 
manifolds with boundary and the associated Dirac operator D, we compute the 

(2 2) 

lower dimensional volume Volg ' and get a Kastler-Kalau-Walze type theorem in 
this case. In Section 4, when dM is flat, we can define J QM res2,2(£ )_2 > D~ 2 ) and 
f 9M res2,3(-D~ 2 , D~ 2 ) (see Section 3) and get that the gravitational action for dM 
is proportional to f gM res2,2(-D _2 > D~ 2 ) and J QM res2,3(-D -2 , D~ 2 ), which gives two 
kinds of operator theoretic explanations of the gravitational action for boundary. For 
5-dimensional spin manifolds with boundary and the associated Dirac operator D, 

(2 2) 

we compute the lower dimensional volume V0I5 ' . 



2 Lower dimensional volumes of spin manifolds with bound- 
ary 

In order to define lower dimensional volumes of spin manifolds with boundary, 
we need some basic facts and formulae about Boutet de Monvel's calculus and the 
definition of noncommutative residue for manifolds with boundary. We can find them 
in Section 2,3 in [Wal] and Section 2.1 in [Wa3]. 

Let M be a n-dimensional compact oriented spin manifold with boundary dM. 
We assume that the metric g M on M has the following form near the boundary, 

* M ^ M ' + ^ <") 

where g 9M is the metric on dM. h{x n ) G C°°([0, 1)) = (h\ %l) \h G C°°((-e, 1))} for 
some e > and satisfies h(x n ) > 0, h(0) = 1 where x n denotes the normal directional 
coordinate. Let U C M be a collar neighborhood of dM which is diffeomorphic to 
dM x [0, 1). By the definition of C°°([0, 1)) and h > 0, there exists h € C°°((-e, 1)) 
such that ^|[o,i) = h and h > for some sufficiently small e > 0. Then there exists a 
metric g on M = M Uqm dM x (— e, 0] which has the form on U Uqm dM x (— e, 0] 

' 9 dM + dx 2 n , (2.2) 



h(x n 

such that g\M = g- We fix a metric g on the M such that 7)\m = 9- We can get 
the spin structure on M by extending the spin structure on M. Let D be the Dirac 
operator associated to g on the spinors bundle S(TM). Let p±,p2 be nonnegative 
integers and p\ + P2 < n. 

Definition 2.1 Lower dimensional volumes of spin manifolds with boundary are de- 
fined by Vol^ 1,P2) M := Wres[vr+i?- pi ott+D'^} (for the related definitions, see [Wal], 
Section 2, 3). 
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Denote by ai(A) the Z-order symbol of an operator A. By (2.1.4)-(2.1.8) in [Wa3], 
we get 

m^s[TT + D- pi o TT + D- p2 ] = [ [ trace s{TM) [(T^ n (D- pi - p2 )}a(Odx + [ 

JmJ\£\=1 JdM 

(2.3) 

where 

^ +oc ~ (_i)|a|+i+fc+l 

*~4l=i./-oo j^altf + fc + l)! 

xtrace 5(TM) [^^a+^X*'. 0, ^x^+X^ -1 *)^, 0, £ n M n <r(0^', 

(2-4) 

where the sum is taken over r — — |a| + I — j — 1 = —n, r < —pi, I < — P2- Since 
(£)-pi-P2)]| m has the same expression as c_ n (Z) ^ ^ 2 ) in the case of manifolds 
without boundary, so locally we can use the computations in [K] , [KW] , [Po] to com- 
pute the first term. The following proposition is the motivation of the definition of 
lower dimensional volumes of spin manifolds with boundary. 

Proposition 2.2 1) When Pl + p 2 = n, then Vol^'^M = c Vol M - 

2) when pi + P 2 = nmodl, Vol^ 1,P2) M = J dM $. 

3) 

Vol (i,i) = r sdyolM . Vol (i,i) = ClVo l 9M (2.5) 

JM 

where cq,c\ are constants and s is the scalar curvature. 

Proof. 1) comes from (2.4) and (2.2) in [Po]. 2) comes from the proposition 2.3 and 
3.2 in [Po]. 3) comes from Theorems 2.5 and 5.1 in [Wa3]. □ 



3 A Kastler-Kalau-Walze type theorem for 6-dimensional 
spin manifolds with boundary 

(2 2) 

In this section, We compute the lower dimensional volume Volg ' for 6-dimensional 
spin manifolds with boundary and get a Kastler-Kalau-Walze type theorem in this 
case. 

Firstly, we recall the symbol expansion of D~ 2 in [Ka]. Recall the definition of 
the Dirac operator D (see [BGV], [Y]). Let V L denote the Levi-civita connection 
about g M . In the local coordinates {xf, 1 < i < n} and the fixed orthonormal frame 
{e~\, • • • , e~ n }, the connection matrix (uJ s ,t) is defined by 

V L (e!,- • • ,e n ) = {ei, - ■ ■ ,e n )(uj s ^). (3.1) 

c(ej) denotes the Clifford action. The Dirac operator 

D = J2c(di)(di + Si); Si = ~^2u s ,t(ai)c(e s )c(et). (3.2) 

1 = 1 s,t 
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Let g %3 = g(dxi,dxj) and 

V dA = E r *A; r " = 9 ij ^iv Sj = 9 iJ Si- (3.3) 
k 

Let the cotangent vector £ = Yl^jdxj and £ J = «7 y £i. Then we have 
Lemma 3.1([Ka]) 

&-2{d~ 2 ) = ier 2 ; a- 3 (^ 2 ) = -v^iier%(r fc - 2s k ) - v^r 6 2^ a ^%^. 

(3-4) 

Since $ is a global form on dM, so for any fixed point xq £ dM, we can choose the 
normal coordinates U of xq in dM (not in M) and compute <&(xo) in the coordinates 
U = U x [0, 1) C M and the metric j^g 9M + dx 2 n . For details, see Section 2.2.2 in 
[Wa3]. 

Now we can compute <1> (see formula (2.4) for the definition of <£), since the sum 
is taken over —r — l + k+j + \a\ = —5, r, I < —2, then we have the following five cases: 



case a) I) r = —2, I = — 2 k = j = 0, \a\ = 1 
By (2.4), we get 

r r+co 

case a) I) = - / / trace[^vr+ <J- 2 {D~ 2 ) xd^d (n a^ 2 {D- 2 )](x )dCa(j(e)dx' , 

J If '1 = 1 J — OO I, , 



l«l=l 

By Lemma 2.2 in [Wa3], for i < n, then 



(3.5) 



d x ^ 2 (D- 2 )(x ) = d x M\- 2 )M = - dx ^} {Xo) = 0, (3.6) 
so case a) I) vanishes. 

case a) II) r = -2, I = -2 jfe = \a\ = 0, j = 1 
By (2.4), we get 

case a) 11) = -- / / trace[^„7r+ a_ 2 (r>- 2 ) x dl n a- 2 (D- 2 )}{x )d^ n a^')dx' , 

* J\£'\=l J -oo 

(3.7) 

By Lemma 2.2 in [Wa3], we have 

d Xn a^(D- 2 )(x )\^ l=1 = -7X^|)2 (3-8) 
By (3.8) and the Cauchy integral formula and (2.1.1) in [Wa3], then 

<^_ 2 OD- 2 )(* )||e|=i = -^(0)^lim^ -| r+ ^^y^ dVn 
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,2 „|-2u^_ -2 + ^ 

(i+a 3 ' 

We note that 



^(Kr 2 )(*o) = 7T-r75&- (3-10) 



7-00 «n-<) 2 (1+a 3 ^ " 7r + (?n-i) 5 (^ + i) 3 ^ 



2vri 



3^ + 6^-^-2^ 



Since n = 6, trs( TM Jid] = dim(A*(3)) = 8. So by (3.7)-(3.11), we get case a 
II)= — ^7r/i / (0)r24da; / , where ^4 is the canonical volume of S A . 

case a) III) r = -2, I = -2 j = \a\ = 0, fc = 1 

By (2.4) and an integration by parts, we get 

f+00 



case a 



1 /• /•+00 

) III) = -- / / trace[a 5n 7^+ C 7_ 2 ( J D- 2 )xa erl a :En^ 7_ 2 (Z)- 2 )]( a; o)^ n^ T(e , )^ , 

^7|^'|=l7-oo S 
1 r r+oo 

- / / tr a ce[diTrla_ 2 (D- 2 )xd Xn a_ 2 (D- 2 )}(x n n a(Odx'. (3.12) 
^ l£'l=l J —00 



'I?' 

By Lemma 2.2 in [Wa3] , we have 

C<^(^ 2 )(-o)||^|=i = ^53- (3-13) 
By (3.8) and (3.13), we have 

r+00 

\e\= 

Thus the sum of case a) II) and case a) III) is zero, 
case b) r = —2, I = —3, k = j = \a\ = 
By (2.4) and an integration by parts, we get 



r r+00 r l 5 

case a) III) = Aih'{0) / / / = ^'W^x'. 



case 



r r+00 

b) = -i / trace[7r+ a_ 2 (ir 2 ) x ^^(^^oR^O^' 

r r+OO 

i / t™ce[dz n n+a- 2 (D- 2 )xa- 3 (D- 2 )](x )dt; n( T(t;')dx'. (3.14) 

•/|£'|=1 J~oo 



5 



By Lemma 2.2 in [Wa3], we have 



dz n n+<r- 2 (D 2 )(x )||e|=i = ^- 



(3.15) 



In the normal coordinate, g^(xo) = Sf and d Xj (g al3 )(xo) = 0, if j < n; = h'(0)5p, if j = 
n. So by Lemma A.2 in [Wa3], we have r n (x ) = §fc'(0) and r fc (x ) = for 
k < n. By the definition of 5 k and Lemma 2.3 in [Wa3], we have 5 n (xo) = and 
S k = \h\Q)c(e k )c(e n ) for k < n. So 

a^(D- 2 )(x )\ wl=1 = -^\C\-%(T k -25 k )(x ^ 

2iti(0)£ n 



— I 



1 h'(0)J2^c(e k )c(e n ) + ^'(0)£ n ) - 



k<n 



(3.16) 



We note that Ji^/i =1 Ci " " " ^q+WO = 0, so the first term in (3.16) has no contribu- 
tion for computing case b). 



r r+oo 

case b) = ih'(0) / / 



trace 



= 2iti{o)n 4 

= 2ih'(0)a 



( 2^" 



+ 



2& 



2\3 



5£ + 96. 



r+ (Zn-i) 5 (Zn + i) 3 



d£ n dx' 



2iri 
IT 



5^ + 96. 



(4) 



l^cte' = -H 7r fc'(o)n 4 dar / . (3.17) 



case c) r = —3, / = —2, fe = j = \a\ = 
By (2.4), we get 

r r+oo 

= -i / tT&ce[n+ a- 3 {D~ 2 ) x dz n a-2(D- 2 )}{x )dt n a{?)dx' . (3.18) 

J\e\=i J-oo ?n 



case c 



By the Leibniz rule, trace property and "++" and "- -" vanishing after the integration 
over £ n (for details, see [FGLS]), then 

/+oo 
trace [ir+ a-s^" 2 ) x d^a^D' 2 )^ 
-oo 

/+oo r+oo 
tr[a_ 3 (£>- 2 ) x d^ 2 (D- 2 )]dU - / tr[7r- a_ 3 (L>- 2 ) x %,<7_ 2 (Zr 2 )]de n 
-oo J —oo 

/+oo r+oo 
tr[a_ 3 ( J D- 2 ) x ^ n< x_ 2 (£r 2 )]d£ n - / tr[7r^<7_ 3 (D- 2 ) x ^„tt+ <7_ 2 (£T 2 )]de n 
-oo J —oo 

/+oo r+oo 
tr[a- 3 (D- 2 ) x 9 Cn a_ 2 (£>- 2 )]de n - / tr[c7_ 3 (£>- 2 ) x ^„tt+ a_ 2 (i^ 2 )]d£ n 
-oo J —oo 
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/+oo p+oo 
tr[%,<x_ 2 (ir 2 ) x a^(D- 2 )\d^ n + / tr[%,<7_ 3 (ir 2 ) x tt+ a^D' 2 )]^ 
-oo J — oo 

/ + OO f+OO 
tr[%,<r_ 2 (Lr 2 ) x a_ 3 (ZT 2 )]de n + / tr[vr+ ^sp- 2 ) X %(i- 3 (])- 2 )]^ (3.19) 
-oo J —oo 

By (3.19), we have 

r r+oo 

case c) = case b) - i / / tr[8 Cn <7_ 2 (D~ 2 ) x <T- 3 (D~ 2 )]d^ n <r(^')d^ . (3.20) 
y^'|=i7-oo 

We note that we can not get the sum of case b) and case c) is zero by computations 
in (3.19). In order to compute case c), we only need compute the last term in (3.20). 
By (3.16) and 

d^ 2 (D- 2 )(x )\ m=1 = (3-21) 



we have 

f +oo 



r r+oo 

-i / / tr[d^ 2 (D- 2 ) x <j^(D- 2 )}di n <j{i')dx' 

J\i'\=i J-oo 

= 8h'(0) [ f + °° ^\tT n : 5 dZ n a(Z>)dx> = ^irh'(0)n 4 dx'. (3.22) 

By (3.17), (3.20) and (3.22), we have the sum of case b) and case c) is zero. Now 
<& is the sum of the cases a), b) and c), so is zero. Then we get 

Theorem 3.2 Let M be a 6- dimensional compact spin manifold with the boundary 
dM and the metric g M as above and D be the Dirac operator on M , then 

Vol?^ = Wres[(7r + Z^ 2 ) 2 ] = I sdvoW- (3.23) 

3 Jm 

4 The gravitational action for 6-dimensional manifolds 
with boundary 

Firstly, we recall the Einstein-Hilbert action for manifolds with boundary (see [H] 
or [B]), 

lGr = — I sdvol M + 2 / KAvo\ 9m := I G r,i + ^Gr.b, (4.1) 

107T J M J QM 

where 

k= E (4.2) 

l<i ,j<n— 1 

and Kij is the second fundamental form, or extrinsic curvature. Taking the metric 
in Section 2, then by Lemma A. 2 in [Wa3], for n = 6, then 

K(x ) == ~h'(0); / G r,b = -5/ i , (0)Vol aM . (4.3) 
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Let M be 6-dimensional manifolds with boundary and P, P' be two pseudodiffer- 
ential operators with transmission property (see [Wal] or [RS]) on M. Motivated by 
(2.4), we define locally 

i p r+oo 

res 2 , 2 (P, P') := - - / / trace [0 x „7r+ <7_ 2 (P) x d 2 n a. 2 {P')]di n a{i')dx' ; (4.4) 

p r+oo 

ves 2 , 3 (P,P'):=-i / trace[7r+ <7_ 2 (P) x c^^P'Mn^O^'- (4.5) 

By (4.4), (4.5), so 

case a) II) = res 2 , 2 (Z)" 2 , D~ 2 ); case b) = res 2i3 (£>~ 2 , D~ 2 ). (4.6) 

Now, we assume dM is flat, then {dxi = e^}, gf^ = <5jj, d Xs gf^ = 0. So 
res 2j2 (-D -2 , D~ 2 ) and res 2j 3(-D~ 2 , D~ 2 ) are two global forms locally defined by the 
aboved oriented orthonormal basis {dxi}. By case a) II) and case b), then we have: 

Theorem 4.1 Let M be a 6-dimensional compact spin manifold with the boundary 
dM and the metric g M as above and D be the Dirac operator on M. Assume dM is 
flat, then 

I res 2>2 (D- 2 ,D- 2 ) = ^n 4 I Grth ; (4.7) 

J dM ° 

/ res 2 , 3 (Zr 2 ,Zr 2 ) = n 4 / Gr>b . (4.8) 

J dM o 



Nextly, for 5-dimensional spin manifolds with boundary, we compute V0I5 ' . By 
Proposition 2.2 (2), we have 

Wres[(7r+Lr 2 ) 2 ] = / (4.9) 

J dM 

When n = 5, then in (2.4), r — k — \a\ + I — j — 1 = —5, r,l < —2, so we get 
r = I = —2, k = \a\ = j = 0, then 

p p+00 

<&= / / trace s(TM) [^ 2 ( J D- 2 )(x / ,0,e , ,en)x^ nCT _ 2 (Z)- 2 )(x / ,0,e , ,en)]^(e / )^ / - 

J\Z'\=lJ-oo 

(4.10) 

By (3.21) and 7r^cr_ 2 (x )||£'|=i = 2^ z|j and tr(id) = dim(5(TM)) = 4, we can get 
Vo4 2 ' 2) = f ^ 3 Vol aM . By / Gr>b = -4/ l '(0)VoW, we have 

Theorem 4.2 Let M be a 5-dimensional compact spin manifold with the boundary 
dM and the metric g M as in Section 2 and D be the Dirac operator on M , then 

Vof ' 2) = Wres[(^ + Zr 2 ) 2 ] = y ft 3 Vol 9 M, (4.11) 
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/G r ,b = ^^Wris[(vr+D- 2 ) 2 ], (4.12) 
where VoIqm denotes the canonical volume of dM. 

Remark 4.3 By Theorem 4.2, we know that Wres[(7r + D -1 ) 2 ] is proportional to the 
gravitational action for boundary for 5-dimensional manifolds with boundary. But 
the constant depends on h'(0). 

Acknowledgement: The author is indebted to Professor Weiping Zhang for the sug- 
gestion to consider this problem. This work was supported by NSFC No. 10801027. 
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